Let A be a set of nonnegative integers. For every nonnegative integer n and positive integer h, let rA(n, h) denote the number of representations of n in the form n = a1 + a2 + · · · + a h , where a1, a2, . . . , a h ∈ A and a1 ≤ a2 ≤ · · · ≤ a h . The infinite set A is called a basis of order h if rA(n, h) ≥ 1 for every nonnegative integer n. Erdős and Turán conjectured that lim sup n→∞ rA(n, 2) = ∞ for every basis A of order 2. This paper introduces a new class of additive bases and a general additive problem, a special case of which is the Erdős-Turán conjecture. König's lemma on the existence of infinite paths in certain graphs is used to prove that this general problem is equivalent to a related problem about finite sets of nonnegative integers.
Representation functions and the Erdős-Turán conjecture
For any set A of integers, we denote by r A (n, h) the number of representations of n in the form n = a 1 + a 2 + · · · + a h , where a 1 , a 2 , . . . , a h ∈ A and a 1 ≤ a 2 ≤ · · · ≤ a h . The function r A is called the representation function of the set A.
The set A of nonnegative integers is called a basis of order h if every nonnegative integer can be represented as the sum of h not necessarily distinct elements of A. If A is a basis of order h with representation function r A , then 1 ≤ r A (n, h) < ∞ for all nonnegative integers n. If h ≥ 2 and f is any function such that f (n) is a positive integer for every nonnegative integer n, then the representation function problem is to determine if there exists a set A of nonnegative integers such that r A (n, h) = f (n) for all n ≥ 0.
In the case of additive bases for the set of all integers, Nathanson [5] proved that every function is a representation function, that is, if f (n) is a positive integer for every integer n, then for every h ≥ 2 there exists a set A of integers such that r A (n, h) = f (n) for every integer n.
A special case of the representation function problem for nonnegative integers with h = 2 is the conjecture of Erdős and Turán [2] that the representation function r A (n, 2) of a basis A of order 2 must be unbounded, that is,
This is an important unsolved problem in additive number theory.
Dowd [1] and Grekos, Haddad, Helou, and Pikho [3] have given various equivalent formulations of the Erdős-Turán conjecture. In particular, Dowd proved that there exists a set A of nonnegative integers and a number c such that 1 ≤ r A (n, 2) ≤ c for all nonnegative integers n if and only if for every N there exists a finite set A N of nonnegative integers with max(A N ) ≥ N and 1 ≤ r AN (n, 2) ≤ c for all n = 0, 1, . . . , max(A N ). In this paper we apply Dowd's method to obtain similar results for a new class of generalized additive bases.
Generalized additive bases
We extend the idea of an additive basis of order h as follows: Let H = {H n } ∞ n=0 be a sequence of nonempty finite sets of positive integers. For any set A of nonnegative integers, we define
The set A of nonnegative integers will be called a basis of order H if
be a sequence of nonempty finite sets of positive integers. If r A (n, H n ) ∈ R n for every nonnegative integer n, then A will be called an R-basis of order H.
Since each R n is a nonempty set of positive integers, it follows that every R-basis of order H is a basis of order H. For any sequences H = {H n } ∞ n=0 and R = {R n } ∞ n=0 of nonempty finite sets of positive integers, we can ask if there exists an R-basis of order H. This is a generalization of the representation function problem for the usual additive bases. It is an open problem to determine the number of distinct R-bases of order H for a given pair of sequences H and R.
Let h ≥ 2 and let f be a function such that f (n) is a positive integer for every nonnegative integer n. We introduce the sets H n = {h} and R n = {f (n)} for all n, and the sequences H = {H n } ∞ n=0 and R = {R n } ∞ n=0 . Then an Rbasis of order H is an additive basis A of order h with representation function r A (n, h) = f (n), and so the representation function problem for bases of order h is a special case of the generalized representation function problem.
For every positive integer h, both 0 and 1 have unique representations as the sum of exactly h nonnegative integers. Therefore, if A is an R-basis of order H, then r A (0, H 0 ) ≥ 1, hence 0 ∈ A and
Let F be a finite set of integers. We denote the largest element of F by max(F ) and the cardinality of F by card(F ). For any real numbers a and b, we denote by [a, b] the finite set of integers n such that a ≤ n ≤ b.
n=0 be a sequence of finite nonempty sets of positive integers. There exists a finite set A that is a basis of order H if and only if
Proof. Let h * n = max(H n ). Let A be a finite set of nonnegative integers that is a basis of order H. Then 0, 1 ∈ A. Every positive integer n can be represented as the sum of h n elements of A for some h n ∈ H n , and so n ≤ h n max(A) ≤ h * n max(A).
It follows that lim inf
Conversely, if lim inf n→∞ h * n /n > 0, then there exists a positive integer m such that h * n ≥ n m for all n ≥ 0. Let A = [0, m]. By the division algorithm, every positive integer n can be written in the form n = qm + r, where q and r are nonnegative integers and 0 ≤ r ≤ m − 1. If r = 0, then q = n/m ≤ h * n and
Since h * n and q are integers, it follows that h * n ≥ q + 1 and
In both cases, r A (n, H n ) ≥ r A (n, h * n ) ≥ 1, and the finite set A is a basis of order H. This completes the proof.
be sequences of nonempty finite sets of positive integers. A finite nonempty set F of nonnegative integers will be called a finite basis of order H if
We 
König's lemma
The principal tool in this paper is König's lemma on the existence of infinite paths in trees. For completeness, we include a short proof below.
A graph G consists of a nonempty set V = {v}, whose elements are called vertices, and a set E = {e}, whose elements are called edges. Each edge is a
The degree of a vertex v is the number of edges e with v ∈ e. A path in G beginning at vertex v and ending at vertex v ′ is a sequence of vertices v 0 , v 1 , v 2 , . . . , v n such that v 0 = v, v n = v ′ , and {v i−1 , v i } is an edge for i = 1, . . . , n. We define the length of this path by n. The graph G is connected if for every two vertices v and v ′ with v = v ′ there is a path from v to v ′ . A graph is connected if and only if, for some vertex v * , there is a path from v * to v for every vertex v.
A simple path in G is a path whose vertices are pairwise distinct. An infinite path is an infinite sequence of pairwise distinct vertices v 0 , v 1 , v 2 , . . . such that {v i−1 , v i } is an edge for all i ≥ 1. A simple circuit is a sequence of vertices v 0 , v 1 , v 2 , . . . , v n such that n ≥ 3, {v i−1 , v i } is an edge for i = 1, . . . , n, v i = v j for 0 ≤ i < j ≤ n − 1, and v 0 = v n . A graph G has no simple circuits if and only, for every pair of distinct vertices v and v ′ , there is at most one simple path beginning at v and ending at v ′ .
A tree is a connected graph with no simple circuits. A rooted tree is a tree with a distinguished vertex, called the root of the tree. In a rooted tree, for every vertex v different from the root, there is a unique simple path in the tree from the root to v.
Theorem 2 (König's lemma) If T is a rooted tree such that every vertex has finite degree and T contains arbitrarily long finite simple paths beginning at the root, then T contains an infinite path beginning at the root.
Proof. Let v 0 be the root of the tree T . Since v 0 has finite degree, there exists a vertex v 1 adjacent to v 0 such that there are arbitrarily long simple paths beginning with the vertices v 0 , v 1 .
Suppose that for some n ≥ 1 we have constructed a simple path v 0 , v 1 , . . . , v n such that there are arbitrarily long simple paths beginning with the vertices v 0 , v 1 , . . . , v n . Since v n has finite degree, there exists a vertex v n+1 adjacent to v n such that v n+1 = v n−1 and there are arbitrarily long simple paths beginning with the vertices v 1 , v 2 , . . . , v n , v n+1 . It follows by induction that for every n ≥ 0 there exists a sequence of vertices {v n } ∞ n=0 such that for every n there are arbitrarily long simple paths beginning with the vertices v 0 , v 1 , . . . , v n . Then v 0 , v 1 , v 2 , . . . is an infinite path in the tree T .
The generalized representation function problem
In this section we prove the equivalence of the finite and infinite forms of the problem about the existence of R-bases of order H. Proof. If A is a R-basis of order H, then, by (1) and Theorem 1, the set A is infinite, hence for every N there is an integer a(N ) ∈ A with a(N ) ≥ N.
Conversely, suppose that for every N there exists a finite R-basis A N of order H with max(A N ) ≥ N. We construct the graph T whose vertices are the finite R-bases of order H and whose root is the vertex {0}. Vertices F and F ′ will be called adjacent in this tree if F ′ ⊆ F and F \ F ′ = max(F ). The sets {0} and {0, 1} are adjacent vertices of this graph.
We shall prove that T is a rooted tree with root {0}. Let F = {a 0 , a 1 , . . . , a n } be a vertex, where 0 = a 0 < a 1 < · · · < a n . For k = 0, 1, . . . , n, the set F k = {a 0 , a 1 , . . . , a k } is a vertex. Then F 0 = {0}, F n = F, and F 0 , F 1 , . . . , F n is a simple path in T from the root to F . It follows that the graph T is connected.
If n ≥ 3 and F 0 , F 1 , . . . , F n−1 is a simple path in T , then card(F n−1 ) − card(F 0 ) ≥ 2, hence F n−1 is not adjacent to F 0 . This implies that T contains no simple circuit, and so T is a tree.
We shall show that every vertex of this tree has finite degree. The only vertex adjacent to the root {0} is {0, 1}, and so {0} has finite degree. Let F ′ = {0} be a vertex of T . The only subset of F ′ that is adjacent to
Suppose that the vertex F ′ is adjacent to infinitely many vertices F of the form F = F ′ ∪ {max(F )}. For each such F , the integer n = max(F ) − 1 must be an element of the sumset h n F ′ for some h n ∈ H n , and so
Since n ∈ h n F ′ for infinitely many integers n, it follows that
which contradicts (1). Thus, every vertex of the tree T must have finite degree.
Suppose that every path in T has length less than L. If the finite set F is a vertex of the tree, then the length of the unique path from {0} to F is card(F )−1, and so every vertex has cardinality at most L. Since the degree of every vertex is finite, it follows that the tree contains only a finite number of paths beginning at the root, hence the tree contains only a finite number of vertices. The union of these vertices is a finite set of nonnegative integers. However, for every N there exists a vertex A N with max(A N ) ≥ N, and so the union of the vertices in the tree must be an infinite set of nonnegative integers. This contradiction implies that T contains arbitrarily long finite paths beginning at the root. By König's lemma, the tree must contain an infinite path {0} = F 0 , F 1 , F 2 , . . . . For each nonnegative integer n, let a n = max(F n ). Then F n = {a 0 , a 1 , . . . , a n } for all n = 0, 1, 2, . . . . Let
Since a n ≥ n, it follows that
and so A is a R-basis of order H. This completes the proof. Proof. This follows immediately from Theorem 3 with H n = {h} and R n = [1, c] for all n ≥ 0.
Other representation functions
There are other important representation function problems in additive number theory. For example, for any set A of nonnegative integers, the ordered representation function R A (n, h) counts the number of h-tuples (a 1 , . . . , a h ) ∈ A h such that a 1 + · · · + a h = n. Nathanson [4] proved the following uniqueness theorem for ordered representation functions: For any function f from the set of nonnegative integers to itself, and for any positive integer h, there exists at most one set A of nonnegative integers with R A (n, h) = f (n). He also described all pairs of sets A and B of nonnegative integers such that R A (n, 2) = R A (n, 2) for all sufficiently large integers n.
